Students of mechanics usually have difficulties when they learn about the rotation of a rigid body. These difficulties are rooted in the relation between angular momentum and angular velocity, because these vectors are not parallel, and we need in general to utilize a rotating frame of reference or a time dependent inertia tensor. We discuss a series of problems that introduce both difficulties.
I. INTRODUCTION

Students of introductory and intermediate level mechanics
courses have much difficulty in tackling problems involving rotation. Part of their difficulty is conceptual and is due to the fact that the laws governing translation and rotation are deceptively similar. We write
where F is the total external force, P is the linear momentum of the system, O is the total external torque about the point O, and L O is the angular momentum of the system about O. We have assumed that the origin of the coordinate system is not accelerating and that its axes do not rotate.
1
There are two important differences between Eqs. ͑1͒ and ͑2͒.
2 We obtain the equations of motion from Eq. ͑1͒ by substituting P = mV, where m is the total mass of the system and V is the velocity of the center of mass. The analysis is simplified by the fact that P is parallel to V. In contrast, L O is not parallel to in general, and their relation is given by
͑3͒
We also can always choose any inertial frame of reference to bring the translational dynamics into the form of Eq. ͑1͒. But, the choice of an inertial frame of reference is usually not advisable when studying rotations, because it would force the coefficients of the matrix I O to vary with time. Conversely, if a time-independent I O is defined, it is not always possible to describe the rotation by the simple form of Eq.
͑2͒.
We have found that our students learn better when these difficulties are first introduced with the help of the sequence of problems we present in the following. The problems are simple and involve one or two point particles in circular motion.
II. ANGULAR MOMENTUM OF A PARTICLE DESCRIBING CIRCULAR MOTION
Consider a point particle of mass m in free space, which moves in a circle of radius R around the point ax + bŷ + cẑ with a constant angular velocity = ẑ, as shown in Fig. 1 . With a suitable choice for the origin of time t, the motion is described by the position vector
For the time derivative we find
and the angular momentum about point O,
Note that for the generic case described thus far, neither the magnitude of L O nor its z component are constant.
We recall that x =0= y , and z ϵ and write the moment of inertia in the form of Eq. ͑3͒ by setting
I O,yz = − mRc sin͑t͒, ͑7b͒
These equations highlight the two problems mentioned in Sec. I. Namely, that L O is not parallel to , and that if we choose a generic inertial frame, I O becomes time dependent. If we use F =−m 2 R͓cos͑t͒x + sin͑t͒ŷ͔, it is easy to verify that Eq. ͑2͒ holds in this case.
At this stage students usually have a strong objection. They state ͑correctly͒ that the problem arises because we choose not to use the center of the circular motion as the origin. Before we address this objection in Sec. III, it is interesting to look at a few particular cases of this problem.
A. Origin on the rotation axis
The choice of the origin of the reference frame on the rotation axis corresponds to a = b = 0, and Eq. ͑6͒ becomes
In this case the z component of the angular momentum
The vector L O precesses around , with its tip describing circular motion about the z axis. Here the magni-tude of L O is constant, but its direction is not. This situation occurs in a variety of physical situations.
B. Origin on the plane of motion
The choice of the origin of the reference frame on the plane of motion corresponds to c = 0 and without loss of generality we can set b = 0. In this case, Eq. ͑6͒ becomes
and L O becomes parallel to = ẑ. But the magnitude of L O varies with time between a minimum of mR͑R − a͒ and a maximum of mR͑R + a͒. Here the direction of L O is constant, but its magnitude is not.
C. Origin on the center of circular motion
In this case a = b = c = 0, and we recover the well known result L O = mR 2 . These examples stress that if we state that a central force leads to conservation of angular momentum, we must specify that the angular momentum is calculated about the center of motion.
The choice a = b = c = 0 supports the students' objection that the complications in Eq. ͑7c͒ have arisen from a bad choice for O. The next example shows that a simple alteration makes it impossible to find an ideal choice for O.
III. ANGULAR MOMENTUM OF TWO PARTICLES DESCRIBING CIRCULAR MOTION
Consider the two particles shown in Fig. 2 , which rotate in free space around a common axis z, with the same angular velocity in two parallel planes at a vertical distance 2d from each other. The particles rotate such that they always lie on opposite sides of the axis, that is, the two particles are out of phase by . The system as a whole may be viewed as a dumbbell rotating around an axis which makes an angle arctan ͑R / d͒ with the axis of the dumbbell.
The total angular momentum of the system about a point O is given by the sum of the two angular momenta, each calculated in Sec. II for a generic point O. For the lower particle ͑particle 2͒ we could choose O to coincide with the center of its circular orbit, thereby simplifying its angular momentum to be L O = mR 2 . The result for the angular momentum of the upper particle ͑particle 1͒ is given by Eq. ͑8͒ with c =2d. Alternatively, we could choose O to coincide with the center of particle 1's circular orbit. This choice would simplify its angular momentum, but then the angular momentum of particle 2 would be given by Eq. ͑8͒ with c =−2d and t → t + . In either description the total angular momentum is not parallel to and, the inertia tensor depends on time.
We might also choose O along the rotation axis, in the middle between the two planes of motion. This choice coincides with the center of mass of the system, as shown in Fig.  2 . Then, the two angular momenta are given by Eq. ͑8͒ with
coincides with the total angular momentum about any point in space, as can be seen using Eq. ͑6͒. This curious result is a consequence of the fact that when the center of mass is static, L O = L cm for any fixed point O. As a result, for this problem, there is no fixed point in space that makes L parallel to , nor the coefficients in the relation between L and time independent ͑except for d = 0 for which the axis of rotation is perpendicular to the axis of the dumbbell͒. Consequently, we are forced to seek an alternative framework to deal with rotations of a rigid body. In this framework we first choose a coordinate system with its origin at the center of mass and with its axis rigidly connected to the body. With this choice, the inertia tensor I O becomes time independent but the axes rotate with the body. As a result, Eq. ͑2͒ no longer holds, and we must use instead Fig. 1 . Circular motion of a point particle of mass m centered at ax + bŷ + cẑ with radius R and rotating around the z axis with constant angular velocity . Fig. 2 . Two point particles of mass m describing a circular motion of radius R, centered at a common axis with constant angular velocity . The particles are always on opposite sides of the axis.
where the time derivative refers to the rate of change of L cm with respect to the frame rotating rigidly with the body. At this point there are several interesting choices. We can stick to the inertial reference frame in Fig. 2 , where the moments of inertia are time dependent, and use Eqs. ͑2͒ and ͑12͒ to calculate . This choice gives =2r 1 ϫ F 1 , with r 1 = R cos͑t͒x + R sin͑t͒ŷ + dẑ, and F 1 =−m 2 ͓R cos͑t͒x + R sin͑t͒ŷ͔. We find that = 2mRd 2 ͓sin͑t͒x − cos͑t͒ŷ͔, ͑14͒
showing that a torque is needed to maintain the rotational motion with constant angular velocity. This result is at odds with the dynamics of translation, where constant momentum requires a vanishing external force. Alternatively, we can choose a frame that rotates with the dumbbell. In this case the inertia tensor is time independent, and we must use Eq.
͑13͒.
We have found that by using this series of problems, students obtain a physical intuition which guides them through the subsequent derivations involved in the correct definition of the inertia tensor I O , its diagonalization by choosing the principal axes, and the derivation of Eq. ͑13͒. Moreover, their increased physical intuition serves them well in a variety of specific problems.
